We study the sum ( , ) = ∑ =0 + of step apart Tribonacci numbers for any 1 ≤ ≤ . We prove that ( , ) satisfies certain
Introduction
A Tribonacci sequence { } ≥0 , which is a generalized Fibonacci sequence { }, is defined by the Tribonacci rule = −1 + −2 + −3 with 2 = 1 = 1 and 0 = 0. The sequence can be extended to negative subscript ; hence few terms of the sequence are . . . , −3, 2, 0, −1, 1, 0, 0, 1, 1, 2, 4, 7, . . .. Each term in { } is called the Tribonacci number.
The sum of Fibonacci numbers is well expressed by ∑ =0 = +2 − 1, and moreover the sum of reciprocal Fibonacci numbers was studied intensively in [1] [2] [3] . For the sum = ∑ =0 of Tribonacci numbers, there are some researches including [4] [5] [6] [7] . In particular Kilic [6] proved the identity = (1/2)( +2 + − 1) by means of generating matrix calculations. And Irmak and Alp [5] proved an identity about the subscripted Tribonacci sum , = ∑ =0 using the three roots of 3 − 2 − − 1 = 0. This paper is devoted to studying the sum of Tribonacci numbers as well as the sum ∑ =0 + of step apart Tribonacci numbers for any 1 ≤ ≤ . Our method here is to employ the -step Tribonacci rule = − + −2 + −3 ( , , ∈ Z) that is a linear combination of distance Tribonacci numbers in [8] . For this purpose we will display all Tribonacci numbers in rectangle form with columns, called the -tribo table:
Then ∑ =0 + can be regarded as a partial sum of +1 entries in th column of the table. We denote it by ( , ) for 1 ≤ ≤ . Thus if = + (0 ≤ , 1 ≤ ≤ ) then is located at ( + 1)th row and th column in the -tribo table and is a combination of three entries at , − 1, and ( − 2)th row of th column. Now for the partial sum ( , ) = ∑ =0 + of th column in -tribo table, let us begin with = 3 and 4.
Tribonacci Tables
Theorem 2. When = 3 or 4, the partial sum ( , ) holds as follows:
(1)
Proof. The 3-tribo table produces a table of (3, ) as follows: 
For some > 4, we assume (3, ) = 7
−3 ± 1 with minus sign if = 1, otherwise plus sign. Then the next partial sum (3, ) +1 satisfies
due to Lemma 1. And we also notice that
so it shows 3 
Similarly the 4-tribo 
and so on. Hence if we assume (4, ) = 11
−3 ±4 with − sign if = 1, otherwise + sign for some > 3, then
is equal to 
Since 4 = 4, our result is equal to Theorem 5 in [6] which was proven by means of generating matrix. The expression of (4, ) has tails ±4 according to = 1 or not and equals 4( +1)+ + 6 4 + + 4( −1)+ ± 4 multiplied by 1/ 4 . Similarly (3, ) has tails ±1 according to = 1 or not and equals 3( +1)+ − 4 3 + + 3( −1)+ ± 1 multiplied by 1/ 3 . However, when ≥ 5 the expressions of ( , ) quite differ from the case of = 3, 4. (1) 
so we have
−3 + ( ) for = 5 and 1 ≤ ≤ . Now if we assume the identity is true for some , then the + 1 partial sum follows 
Now, for (2), we construct the table of (6, ) from 6-tribo 
so it proves (6, ) = 39 
3. The Tails ( , ) of the Partial Sum ( , ) With the use of coefficients ( , ) satisfying the -step Tribonacci rule + = ( −1)+ + ( −2)+ + ( −3)+ in Lemma 1, the identities in Theorem 3 can be restated such that 
In this sense, we are able to recast Theorem 2 as 
We will call { ( ) } =1 the tail set of ( , ) = ∑ =0 + .
Theorem 4.
With ( , ) (1 ≤ ≤ 10) in Lemma 1, one has the following:
where the tails { ( , ) } are defined as follows: 
Proof. When 3 ≤ ≤ 6, (1) is due to Theorems 2 and 3. If = 1 then (1,1) = ∑ =0 +1 is the sum of all + 1 numbers from 1 to +1 ; hence with (1,1) = 1 can be proved by induction.
If = 2, making use of the table of (2, ) , it is easy to see that (2, ) −3 + ( , ) for any > 0 and 1 ≤ ≤ 2, since ( 2 , 2 ) = (3, 1). Now when 7 ≤ ≤ 10, (1) can be observed. For instance, the table of (7, ) shows that 
These observations together with mathematical induction imply (7, ) = 71 
It means +1 = (1/2)( +3 + +1 − 1), that is, Theorem 2 in [6] .
